
Congruence arithmetic.
Lemma: If x and y are multiples of n, so is x + y .
Proposition: Given integers a, b, c , and a natural number n,
ifa © b (mod n) then
I If c © d (mod n), then a + c © b + d (mod n)

I ac © bc (mod n)



Definition xyn are integrs nneq

then xequivyleftmodpiright
if and only if nleftxyright

xequiv0 mod 2 means 2x X seven

xequiv1 mud 2 means 2leftx1right
means x12k for some kinmathbbZ

x2k1 forsome kinmathbbZ

xequiv5 mod 2 means 2leftx5right
x52l2ttinmathbbZ

x2t52t2212leftt2right1kt2 x2t5tinmathbbZ

x2leftk2right52kT52k1

leftxxequivamodnrightxakn
E a2nan ya ath atan 3

an thetic progestin
congruence

classaequiv2leftsright
ldots83 12,7 12,17 22



Division algorithm
Given ab there are qr
so that

bqar
0leqra

a divides bsqrt

bequivr mod a 0leqva

a2r010mod21mod2aequiv

5equiv2 3

2equiv1 13

6equiv0 c3
beginmatrix01mod3endmatrixaequiv

2



X even

xequiv0

y odd

yequiv1

mod 2

mod 2

mod2
mod 2xyequiv01equiv1

oddodd
e ven

mod 2

mod 2xequiv1yequiv1
mod z
mod 2xyequiv2

2equiv0

xyequiv0 mod 2

begincasesxequivamodn1fyequivbmodnhenxyequivabmodnendcases

Prop

gun xequiva modn then nleftxaright

yequivb moda then aleftybright
since n leftxaright there is ak1inmathbbZ so that

xakn or xk1na

n1leftyhright there is K2mathbbZ so that

ybk2n

1



Goal shownleftxyabright
have

beginmatrixleftxarightleftybrightk1nk2nxyableftk1k2right7endmatrixnleftxyabright

so

xequiva mod n

yequivb
mod n

xyequivab
mod n

xak1n
ybk2n

Suppose

show

Given

yk2nb
xk1naxyleftknarightleftknbright
k1k2h2k01bnk2anabxynleftk1k2rightk1bk2aab



Congruence arithmetic continued
Proposition:
ar © br (mod n) for any natural number r .

I jaequivb mod n the

aequivbmcdotdna2b2mcdotdna3b3modn



Casting out nines
111

54333

sum ofdigits diu by
3 Hiv by 3

9 did by 9

5433333103102cdot1035104
10equiv1 mod q

102equiv1 mod 9

103equiv1m od 9

104equiv1m 0 dq
3310310241035104equiv



33131415118 mod
mod9equivcirc

11equiv

10equiv1 mod 11

even powersof 10 1 mod 11 odd powers
mod

3310310241025104
33345

543334 mod Il

10kequiv0 mod 8 one kgeq3

54333

10equiv3 7
100equiv9equiv2 7

1000146 n

equiv1

3
2


